Let p be an odd prime number, and let E be an elliptic curve defined over a number field which has good reduction at every prime above p. Under suitable assumptions, we prove that the η-eigenspace and theηeigenspace of mixed signed Selmer group of the elliptic curve are pseudo-isomorphic. As a corollary, we show that the η-eigenspace is trivial if and only if theη-eigenspace is trivial. Our results can be thought as a reflection principle which relate an Iwasawa module in a given eigenspace with another Iwasawa module in a "reflected" eigenspace.
Introduction
The main conjecture of Iwasawa theory predicts a relation between a Selmer group and a conjectural p-adic L-function (see [2, 4, 8, 14, 18] ). This p-adic L-function is expected to satisfy a conjectural functional equation in a certain sense. In view of the main conjecture and this conjectural functional equation, one would expect to have certain algebraic relationship between the corresponding Selmer groups. In this paper, we will examine this phenomenon for the eigenspaces of the mixed signed Selmer groups of elliptic curves with good reduction at primes above p. We shall describe our main result briefly in this introductory section.
Throughout the paper, p will denote a fixed odd prime. Let F ′ be a number field and E an elliptic curve defined over F ′ . Let F be a finite extension of F ′ . The following assumptions will be in full force throughout the paper.
(S1) The elliptic curve E has good reduction at all primes of F ′ above p, and at least one of which is a supersingular reduction prime of E.
(S2) For each prime u of F ′ above p at which the elliptic curve E has supersingular reduction, we assume that the following statements are valid.
(a) F ′ u = Q p . (b) a u = 1 + p − |Ẽ u (F p )| = 0, whereẼ u is the reduction of E at u.
(c) u is unramified in F/F ′ .
Denote by F n = F (µ p n+1 ) and F ∞ = ∪ n F n . We define a signed Selmer group Sel − → s (E/F ∞ ) (see the body of the paper for the precise definition) and write X − → s (E/F ∞ ) for its Pontryagin dual. We shall write Σ ss p for the primes of F above p at which E has good supersingular reduction. For a character η of Gal(F (µ p )/F ), we write e η for the idempotent 1 We now give an outline of our paper. In Section 2, we collect various results concerning Λ-modules and twist of Λ[G]-modules for a cyclic group G whose order is coprime to p. In Section 3, we collect various facts on the arithmetic of an elliptic curve over a local field which will be needed for the subsequent discussion of the paper. Section 4 is where we introduce the signed Selmer groups. We also need to work with the so-called strict signed Selmer group which coincides with the signed Selmer group on the infinite level. Note that the strict signed Selmer group and the signed Selmer group need not coincide on the intermediate subextensions. Despite this, they enjoy nice duality properties which will be crucial in proving our results. Once the machinery of the strict signed Selmer groups is set up, we can give the proof of Theorem 4.1 and Corollary 4.2.
2 Algebraic preliminaries 2.1 Λ-modules Throughout the paper, Λ will denote the ring Z p T . By the Weierstrass preparation theorem (cf. [17, (5.3.4) ] or [21, Theorem 7.3] ), every f ∈ Λ can be written as a product u · f 1 , where u is a unit in Λ and f 1 is a Weierstrass polynomial in Z p [T ], where one recalls that a polynomial T n + c n−1 T n−1 + · · · + c 0 in Z p [T ] is said to be a Weierstrass polynomial if p divides c i for every 0 ≤ i ≤ n − 1. We shall then define the degree of f to be the degree of the polynomial f 1 and denote it by deg(f ). For a finitely generated Λ-module M , there exist irreducible Weierstrass polynomials f j , numbers r, α i , β j and a homomorphism
with finite kernel and cokernel, where the numbers r, α i β j and the Weierstrass polynomials f j are determined by M (cf. [17, (5.3.8) ] or [21, Theorem 13.12] ). Then the rank of M is given by the number as n varies. Therefore, it follows from this and the hypothesis of the lemma that µ(M/p m ) = µ(N/p m ) for every m. The required conclusion now follows from an application of [15, Proposition 2.4.7] .
For a finitely generated Λ-module M , one can endow it with a natural compact topology (see [17, Proposition 5.2.17] ). We then write M ∨ = Hom cts (M, Q p /Z p ) for the group of continuous group homomorphisms from M to Q p /Z p , where Q p /Z p is given the discrete topology.
with finite kernel and cokernel, where the numbers r, α i β j and the Weierstrass polynomials f j is determined by M . Then for every irreducible Weierstrass polynomial f , we have
where the Z p -corank of the latter is the Z p -rank of Hom Λ (M, Λ/f n ). Since Hom Λ (−, Λ/f n ) preserves finite direct sums and sends finite modules to finite modules, it suffices to prove the asserted equality in the lemma for an elementary Λ-module which is a straightforward verification.
We can now state the following proposition which is essentially taken from [4, Section 3]. Proposition 2.3. Let M and N be two finitely generated Λ-modules. Suppose that the following two statements hold.
(1) For each m, the quantity (M/p m ) Γn (N/p m ) Γn is bounded independent of n.
(2) For each irreducible Weierstrass polynomial f , we have
Then we have rank Λ (M ) = rank Λ (N ), and M Λ−tor is pseudo-isomorphic to N Λ−tor .
Proof. Lemma 2.1 tells us that rank Λ (M ) = rank Λ (N ) and M [p ∞ ] is pseudo-isomorphic to N [p ∞ ]. Hence, it remains to show that for each irreducible Weierstrass polynomial f , the power of f occurring in M and N are the same, which is precisely a consequence of Lemma 2.2.
Twist of Λ-modules
Suppose that G is cyclic of order coprime to p. (In most of our subsequent discussion, G is a subgroup of Z/(p − 1)Z.) Let η be a fixed character of G. We write e η for the idempotent 1
. As before, write Λ for the power series ring Z p T in one variable. We shall also view e η as an element
It is an easy exercise to check that σ ∈ G acts on M η by multiplication by η(σ).
We shall write Z p (η) for the Z p [G]-module which is Z p as Z p -module with the action of G given by 
Then viewing x as an element of M = i N i , we have x = i y i for y i ∈ N i . But since N i ⊆ M i for every i ∈ I, the sum can be viewed as a direct sum decomposition in M = i M i .
Hence we have x = y j which implies that x ∈ N j . This proves the lemma.
We can now state the following lemma which tells us how the twists by η and f interact. (1) e η (M f ) = (e η M ) f .
Proof. We begin by proving statement (1) . Note that
where η runs through all the character of G. On the other hand, we have
It is easy to verify that (e η M ) f ⊆ e η (M f ). Hence the equality now follows from Lemma 2.4. Statements (2) and (3) can be proven similarly. For statement (4) , one observes that
3 Local considerations
Local duality
Let K be a local field of characteristic zero, and L a finite cyclic Galois extension of K with Galois group G. Suppose that the order of G is coprime to p. (In most of our subsequent discussion, G is a subgroup of Z/(p − 1)Z.) Let η be a character of G. In this subsection, M will always denote a finite Λ[Gal(K/K)]-module of order a power of p.
Since G is assumed to have order coprime to p, the H i (G, −) terms vanish, thus yielding the required isomorphism of the lemma.
Recall that the local Tate duality gives us a perfect pairing
Lemma 3.2. Let C be a subgroup of H 1 (L, M ), and let D be its orthogonal complement with respect to the above perfect pairing. For a given character η of G and an element f ∈ Λ which is coprime to p, e η C f (resp., eηD f ι ) can be viewed as subgroups of
). Furthermore, they are orthogonal complement to each other with respect to the perfect pairing
Proof. By the orthogonal relation between C and D, we have short exact sequences
Taking idempotent and tensoring with
where the middle terms of the short exact sequences are obtained via Lemma 3.1. This proves the claims of the lemma.
Ordinary reduction at p
Let K be a finite extension of Q p , and write L = K(µ p ). Denote by G the Galois group Gal(L/K) which has order dividing p − 1. Let K ∞ be the cyclotomic Z p -extension of K with K n the intermediate subfield with |K n : K| = p n . We write L ∞ = K ∞ L which is the cyclotomic Z p -extension of L with intermediate subfield L n such that |L n : L| = p n . We identify the completed group algebras Z p Gal(L ∞ /L) = Z p Gal(K ∞ /K) = Λ and identify the Galois groups Gal(L n /K n ) with G = Gal(L/K) for every n. Now let E denote an elliptic curve over K with good ordinary reduction. Write E (resp. E) for its formal group (resp. reduced curve) at K. By [3, Corollary 3.2], we have that
The main theorem of Imai [7] says that
In fact, we have the following.
The remaining cases can be proven similarly.
Let ε n denote the natural map
to be the kernel of the following map
It is easy to see that C(E[p m ]/L n ) identifies with E(L n ) ⊗ Z/p m . It then follows from this and a classical result of Tate [19] that C(E[p m ]/L n ) is orthogonal to itself under the perfect pairing
Proof. This follows immediately from combining Lemma 3.2 with the above discussion.
For later purposes, we require the following description of e η C(
For each m, we define C(E[p m ](η) f /K n ) to be the kernel of the following map
Lemma 3.5. Let η be a character of Gal(L n /K n ) and f ∈ Λ which is coprime to p. Then we have
Proof. This follows from a straightforward verification by making use of Lemma 2.5.
The following lemma is the main calculation that will be needed in the eventual proof of our main theorem.
Lemma 3.6. For a character η of Gal(L n /K n ) and f ∈ Λ which is coprime to p, we have
Proof. By the local Euler characteristics formula (cf. [17, Theorem 7.3.1]), we have
On the other hand, by Lemma 3.5, we have a commutative diagram
with exact rows, where the surjectivity of the rightmost arrow on the top row follows from the fact that the rightmost arrow on the bottom row and the middle vertical map are surjective. It then follows from the snake lemma that we have a short exact sequence
which in turn yields an equality
We now calculate (im θ n ) div [p m ] . To do this, we observe that there is an exact sequence
By [4, pp 111, Formula (23)], the latter quantity is precisely
Hence we have (im θ n ) div [p m ] = p m|Kn:Qp| deg f . Combining all the calculations, we obtain the desired formula of the lemma.
Supersingular reduction at p
In this subsection, K will denote a finite unramified extension of Q p , and E is an elliptic curve defined over Q p which is assumed to have good supersingular reduction with a p = 0. Set L n = K(µ p n+1 ) and
L ∞ = ∪ n L n . Write Γ n = Gal(L ∞ /L n ) for n ≥ 0. We may identify Gal(L/K) with a subgroup of Gal(L n /K) for every n = 1, ..., ∞. We then write K n for the fixed field of this subgroup.
Lemma 3.7. Retain settings as above. Then E(L n ) and E(L n ) have no p-torsion for every n ≥ −1.
Proof. The first assertion follows from [13, Proposition 3.1]. The second follows from the first, the following short exact sequence
and that E(F p d ) has no p-torsion by the supersingular assumption. Proof. This is immediate from Lemma 3.7.
Following [9, 10, 11, 12, 13, 14] , we define the following groups
where tr n/m+1 : E(L n ) −→ E(L m+1 ) denotes the trace map and L −1 is understood to be K. We also write (a) E ± (L ∞ ) η ⊗ Q p /Z p Γn are cofree Z p -modules for all n, and .
Γn
. By the Hochshild-Serre spectral sequence and Lemma 3.7, we have an isomorphism
Via this isomorphism, we may view H ± n as a subgroup of H 1 (L n , E(p)). Let M ± n be the exact annihilator of H ± n with respect to the local Tate pairing
In other words, we have short exact sequences
Since H ± n is divisible by Proposition 3.9(a), it follows that there are two short exact sequences 
In fact, one even has the following. 
If |K : Q p | is not divisible by 4, we then have the same conclusion for H + n [p m ].
Proof. The first assertion is established by Kim in [9, Proposition 3.15]. One can check that the same proof carries over for the second assertion under the assumption that |K : Q p | is not divisible by 4 (also see [11, Proposition 3.4] or [12, Theorem 2.9]).
If |K : Q p | is not divisible by 4, we then have the same conclusion with
Proof. This follows from a combination of Lemma 3.2 and Proposition 3.10.
We end the subsection with a preliminary calculation which will be required in the proof of our main theorem. 
where the final equality follows from Lemma 3.8. Now observe that
By Proposition 3.9(a) (and assuming that |K : Q p | is not divisible by 4 in the + case), the latter has size p m|K:Qp| deg(f ) . The conclusion of the lemma now follows from these calculations.
Away from p
In this subsection, l is a prime = p. Let K be a finite extension of Q l , and write L = K(µ p ). Denote by G the Galois group Gal(L/K) which has order dividing p − 1. Let K ∞ be the cyclotomic Z p -extension of K. We write L ∞ = K ∞ L which is the cyclotomic Z p -extension of L. Similarly as before, we identify the completed group algebras Z p Gal(L ∞ /L) = Z p Gal(K ∞ /K) = Λ and identify the Galois groups Gal(L n /K n ) with Gal(L/K) for every n.
For any discrete Gal(K/K)-module M and algebraic extension K of K, we write H 1 ur (K, M ) for the kernel of the map
where K ur is the maximal unramified extension of K. Via the inflation-restriction sequence, H 1 ur (K, M ) identifies with H 1 (Gal(K ur /K), M (K ur )).
Now let E denote an elliptic curve over K. Let η be a character of Gal(L n /K n ) and f a distinguished polynomial in Λ.
Lemma 3.13. We have e η H 1
Proof. The first equality follows from a direct calculation appealing to Lemmas 2.5 and 3. 
Finally, one checks easily by definition that
. This proves the second equality.
Lemma 3.14. Fix a character η of Gal(L n /K n ) and f ∈ Λ which is coprime to p. Then H 1
Proof. It is well-known that H 1 ur (L n , E[p m ]) is orthogonal to itself under the perfect pairing As a start, we recall the definition of the signed Selmer group [9, 10, 11, 12, 13, 14] . Let F ′ be a number field and E an elliptic curve defined over F ′ . Let F be a finite extension of F ′ . Denote by Σ p for the set of primes of F lying above p. We shall also write Σ ord p (resp., Σ ss p ) for the set of primes in Σ p at which E has good ordinary reduction (resp., good supersingular reduction). The following assumptions will be in full force throughout the paper.
(S2) For each u of F ′ above p at which the elliptic curve E has supersingular reduction, assume that the following statements are valid.
Denote by F n = F (µ p n+1 ) and F ∞ = ∪ n F n . By (S1)-(S2), Gal(F 0 /F ) ∼ = Z/(p − 1)Z and every supersingular prime of E above p is totally ramified in F ∞ /F . Thus, we have Gal(
We shall write Γ n = Gal(F ∞ /F n ) and G = Gal(F 0 /F ).
We shall also write Γ = Γ 0 . By fixing a topological generator of Γ, we identify Z p Gal(F ∞ /F ) with
It follows from (S1) and (S2) that for each prime w of F above p at which E has supersingular reduction, there is a unique prime of F n lying above the said prime which, by abuse of notation, is still denoted by w. For such a w, we choose a sign s w for it and write − → s = (s w ) w∈Σ ss p ∈ {±} Σ ss p . For each s w , define E sw (F n,w ) as in Subsection 3.3. The mixed signed Selmer group is then given by It is not difficult to verify that this is finitely generated over Z p Γ . In fact, one expects the following conjecture which is a natural extension of Mazur [16] and Kobayashi [14] .
Define Sel
When E has good ordinary reduction at all primes above p, the above conjecture is precisely Mazur's conjecture [16] which is known in the case when E is defined over Q and F an abelian extension of Q (see [8] ). For an elliptic curve over Q with good supersingular reduction at p, this conjecture was established by Kobayashi (cf. [14] ; also see [2] for some recent progress on this conjecture).
From now on, let Σ denote a fixed finite set of primes of F containing those above p, the ramified primes of F/F ′ and all the bad reduction primes of E. Write F Σ for the maximal algebraic extension of F which is unramified outside Σ. For any (possibly infinite) extension
The signed Selmer group of E over F ∞ can then be equivalently defined by
We can now state our main results.
Theorem 4.1. Let η be a character of G = Gal(F (µ p )/F ). For each v ∈ Σ ss with s v = +, assume further that |F v : Q p | is not divisible by 4. We then have that
and that the torsion Λ-submodules of e η X − → s (E/F ∞ ) and eηX The proof of the theorem will be given in Subsection 4.3 and the proof of the corollary will be given in Subsection 4.4.
Strict signed Selmer groups
To prove our main result, we need to work with the so-called strict signed Selmer groups. The strict signed Selmer group of E over F n is defined by
Note that in the case when Σ ss p = ∅, this is the strict Selmer group as defined in the sense of Greenberg [4] (also see [6] ). Our choice of naming the above as the strict signed Selmer group is inspired by this observation. In general, this strict Selmer group needs not agree with the signed Selmer group on the intermediate level F n . But they do coincide upon taking limit which is the content of the next proposition. Proof. By [3, Proposition 4.5], we have C w (E[p ∞ ]/F n ) = E(F n,w ) ⊗ Q p /Z p for all w ∈ Σ ord p (F n ) and so the local condition at Σ ord p (F n ) for the strict signed Selmer group and the signed Selmer group at each F n (and hence F ∞ )) are the same. Similarly, one has the same conclusion for primes outside p. Let w be a prime Σ ss p . Recall that we also write w for the prime of F ∞ above w. In general, E sw (F ∞,w )⊗Q p /Z p Γn and E sw (F n,w )⊗Q p /Z p need not agree (one can see this by comparing their Z p -coranks). But upon taking limit, they are both equal to E sw (F ∞,w ) ⊗ Q p /Z p . In conclusion, we have established our assertion.
We now show that this strict signed Selmer group enjoys a control theorem parallel to that in the ordinary situation (see [5, 16] ; also see [12, 14] ).
Proposition 4.4. There is an injection
with finite cokernel which is bounded independent of n.
Proof. Consider the following diagram
with exact rows. Now the middle vertical map is surjective with kernel H 1 Γ n , E(F ∞ )[p ∞ ] . By Lemma 3.7 and (S1), this kernel is trivial. Hence it remains to show that the rightmost vertical map has finite kernel which is bounded independent of n. For primes in Σ ord p and primes not dividing p, this is established in the mist of proving the control theorem in the ordinary case (for instance, see [5, Theorem 1.2 and Section 3]). It therefore remains to consider the primes in Σ ss p . By our definition of C w E[p ∞ ]/F n , we have
and hence the map is injective for these primes.
We now define mod-p m strict signed Selmer group on the level of F n . This is given by
formula tells us that
where r 1 (F n ) (resp., r 2 (F n )) is the number of real places of F n (resp., number of pairs of complex places of F n ). The required formula now follows from combining this calculation with Lemmas 3.6, 3.12 and 3.13.
We can now prove the main theorem of the paper. 
Proof of Corollary 4.2
We retain the setting of the previous subsections. Recall that by Lemmas 4.3 and 4.6, one has
To continue, we require the following result which is a slight refinement of [11, Theorem 3.14] and [13, Theorem 1.3] (also see [5, Proposition 4.14] ). Proof. Observe that it follows from Lemma 3.8 that one has E(F ∞ )[p ∞ ](η) = 0. The conclusion of the proposition will now follow from a similar argument to that in [5, Proposition 4.14] or [11, Theorem 3.14] .
We can now give the proof of Corollary 4.2.
Proof of Corollary 4.2. The first assertion is immediate from the rank equality of Theorem 4.1. We now proceed proving the second assertion. Suppose that e η X 
